Abstract: For a positive integer n, let
Introduction
Let N denote the set of positive integers, N 0 := N ∪ {0}, and Z the set of all integers. For k ∈ Z and n ∈ N, we define as usual
If n / ∈ N, we set σ k (n) = 0. Further, we set σ(n) := σ 1 (n). For a complex variable q satisfying |q| < 1, Ramanujan's Eisenstein series Lahiri [4, p. 149] has derived the following thirteen identities from the work of Ramanujan [5] , [6 
In this paper, we are interested in products of the form
(1.20) 
(1.21)
The search produced seven possible identities. All seven candidates were subsequently proved and are given in Theorem 1.1. The proof of Theorem 1.1 is given in Section 2.
Equating the coefficients of q n (n ∈ N) in these identities, we obtain seven arithmetic identities. These identities are given in Theorem 1.2. The proof of Theorem 1.2 is given in Section 3. 
Proof of Theorem 1.1
Let q be a complex variable satisfying |q| < 1. Define the theta function φ(q)
Further, we define the parameters x = x(q) and z = z(q) by
2) (see [1, pp. 119 -120] ). Then it is known that 
From (1.4) and (1.5), we have
Then, from (1.6) and (2.12), we deduce
From (1.11) and (2.13), we have
From (1.7), (2.13) and (2.15), we obtain 
as asserted. We remark that in the course of the proof of part (v), we proved the new identity
Similarly, from the proof of part (i), we have
and from part (iv)
The four identities (2.18) -(2.21) are due to Cheng and Williams [2, Theorems 3.1 and 4.1(i),(ii)]. The corresponding identities for parts (vi) and (vii), namely,
are new.
Proof of Theorem 1.2
We only prove part (vi) of Theorem 1.2 as the remaining parts can be proved in a similar manner. Using (1.2) we have
Appealing to (1.2), (1.6), (1.2) (with q replaced by q 2 ), Theorem 1.1(i) and Theorem 1.1(vi) for the series expansions in powers of
respectively, and then equating the coefficients of q n (n ∈ N), we obtain the asserted formula on dividing by 13824.
Two Arithmetic Identities
Theorem 1.1 enables us to prove two more new identities involving the divisor function σ.
Proof. Differentiating (1.2) with respect to q, we obtain
Hence, by (1.6) and (2.12), we deduce
which is a well-known identity. We now prove the first identity of the theorem. 
Equating coefficients of q n (n ∈ N), we obtain the first identity. We now prove the second identity. Replacing q by q 2 in (4.2) and then multiplying by L(q), we obtain
Appealing to Theorem Equating the coefficients of q n (n ∈ N), we obtain the second identity. as claimed.
